Recent trends in Algebraic Geometry – EuroConference on Algebraic Geometry (Warwick, July 1996)

K. Hulek and others (Eds.)

CUP, 1998

ii

Contents

Kapil H. Paranjape, The Bogomolov–Pantev resolution, an expository account 1 1 P^1-bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2 Genus 0 fibrations . . . . . . . . . . . . . . . . . . . . . . . . . 4 3 Toric singularities . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.1 Affine toric singularities . . . . . . . . . . . . . . . . . 7 3.2 Local toric singularities . . . . . . . . . . . . . . . . . . 8 3.3 General toroidal embeddings . . . . . . . . . . . . . . . 9

Tetsuji Shioda, Mordell–Weil lattices for higher genus fibration over a curve 13 1 Introduction, notation . . . . . . . . . . . . . . . . . . . . . . 13 2 K/k-trace, Mordell–Weil group and Néron–Severi group . . . . 15 3 Proof of Theorems 1 and 2 . . . . . . . . . . . . . . . . . . . . 17 4 Mordell–Weil lattices . . . . . . . . . . . . . . . . . . . . . . . 20 5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.1 Milnor lattice of the A_n singularities . . . . . . . . . . 23 5.2 The Jacobian of a pencil of hyperplane sections of a regular surface . . . . . . . . . . . . . . . . . . . . . . 25

Carel Faber, Algorithms for computing intersection numbers on moduli spaces of curves, with an application to the class of the locus of Jacobians 29 1 Line bundles and divisors on M_{g,n} . . . . . . . . . . . . . . . 30 2 The idea of the algorithm . . . . . . . . . . . . . . . . . . . . 31 3 Implementation and results . . . . . . . . . . . . . . . . . . . 35 4 The class of the locus of Jacobians . . . . . . . . . . . . . . . 37 5 Acknowledgments and final remarks . . . . . . . . . . . . . . . 42

Marat Gizatullin, On some tensor representations of the Cremona group of the projective plane 47 0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 iii

1 Generators and defining relations for Cr . . . . . . . . . . . . 49 1.1 Generators of the Cremona group . . . . . . . . . . . . 49 1.2 Defining relations between the generators P ∪ Q . . . . 52 2 The universal Cremona group . . . . . . . . . . . . . . . . . . 59 2.1 Admissible triples, their spaces and maps . . . . . . . . 59 2.2 An action of the Cremona group of the plane on the 2-spaces S_2(K, A, M) . . . . . . . . . . . . . . . . . . . 65 3 Conics, cubics and quartics . . . . . . . . . . . . . . . . . . . . 69 3.1 Left and right actions of the Cremona group of the plane on the space of plane conics . . . . . . . . . . . . 69 3.2 Left and right actions of the Cremona group of the plane on the space of plane cubics . . . . . . . . . . . . 71 3.3 An action of the Cremona group of the plane on the space of quartics . . . . . . . . . . . . . . . . . . . . . 83

Oliver Küchle and Andreas Steffens, Bounds for Seshadri constants 87 1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 2 Proof of Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . 93 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 2.2 Families of divisors . . . . . . . . . . . . . . . . . . . . 93 2.3 The multiplicity schemes Z_σ(E) . . . . . . . . . . . . . 93 2.4 The “jumping” locus as base locus of a certain

linear system . . . . . . . . . . . . . . . . . . . . . . . 95 2.5 Bounding the degree of irreducible components of base loci . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 3.3 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . 102 4 Bounds at an arbitrary point . . . . . . . . . . . . . . . . . . . 103

Shigeru Mukai, Duality of polarized K3 surfaces 107 2 Moduli duality and integral functors . . . . . . . . . . . . . . 109 3 Construction of examples . . . . . . . . . . . . . . . . . . . . . 113 4 Proof of Proposition 1.1 and Theorem 1.2 . . . . . . . . . . . 119

Marco Manetti, Degenerate double covers of the projective plane123 0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 1 Degenerations of double covers of P^2 . . . . . . . . . . . . . . 126 2 Vanishing theorems for degenerate double covers of P^2 . . . . 130 3 Deformations of degenerate double covers locally trivial at the vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4 The Kuranishi family of a degenerate

double cover . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 5 Simple iterated double covers of P^2

and their deformations . . . . . . . . . . . . . . . . . . . . . . 141 6 Some examples . . . . . . . . . . . . . . . . . . . . . . . . . . 145

Arnaud Beauville, A Calabi–Yau threefold with non-Abelian fundamental group 151 1 The example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 2 Some comments . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Victor V. Batyrev, Birational Calabi–Yau n-folds have equal Betti numbers 157 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 2 Gauge forms and p-adic measures . . . . . . . . . . . . . . . . 158 3 The Betti numbers . . . . . . . . . . . . . . . . . . . . . . . . 162 4 Further results . . . . . . . . . . . . . . . . . . . . . . . . . . 164

Y. Ito and I. Nakamura, Hilbert schemes and simple singularities 169 0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 0.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 0.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 1 Simple singularities and ADE classification . . . . . . . . . . . 171 1.1 Simple singularities (1) . . . . . . . . . . . . . . . . . . 171 1.2 Simple singularities (2) . . . . . . . . . . . . . . . . . . 172 1.3 Simple singularities and simple Lie algebras (1) . . . . 174 1.5 Simple singularities and simple Lie algebras (2) . . . . 175 1.6 Finite reflection groups and Coxeter exponents . . . . . 175 1.10 Quivers (= oriented graphs) of finite type . . . . . . . 177 2 Conformal field theory . . . . . . . . . . . . . . . . . . . . . . 178 2.1 Background from physics . . . . . . . . . . . . . . . . . 178 2.6 Modular invariant partition functions . . . . . . . . . . 181 2.8 N = 2 superconformal field theories . . . . . . . . . . . 183 2.10 The minimal unitary series . . . . . . . . . . . . . . . . 183 3 Von Neumann algebras . . . . . . . . . . . . . . . . . . . . . . 184 3.1 Factors and subfactors . . . . . . . . . . . . . . . . . . 184 3.4 The fundamental construction and Temperly–Lieb algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 186 3.6 Bipartite graphs . . . . . . . . . . . . . . . . . . . . . . 187 3.8 The tower of semisimple algebras . . . . . . . . . . . . 188 4 Two dimensional McKay correspondence . . . . . . . . . . . . 190

4.1 Finite subgroups of SL(2, C ) . . . . . . . . . . . . . . . 190 4.2 McKay’s observation . . . . . . . . . . . . . . . . . . . 191 4.4 The Gonzalez-Sprinberg–Verdier construction . . . . . 192 5 Missing links and problems . . . . . . . . . . . . . . . . . . . . 193 5.1 Known links . . . . . . . . . . . . . . . . . . . . . . . . 193 5.2 Problems . . . . . . . . . . . . . . . . . . . . . . . . . 194 6 Hilbert schemes of n points . . . . . . . . . . . . . . . . . . . 195 6.1 Existence and projectivity . . . . . . . . . . . . . . . . 195 6.5 Hilbert–Chow morphism . . . . . . . . . . . . . . . . . 197 7 Three dimensional quotient singularities . . . . . . . . . . . . 200 7.1 Classification of finite subgroups of SL(3, C ) . . . . . . 200 8 Hilbert schemes and simple singularities

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202 8.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . 202 8.2 Summary of main results . . . . . . . . . . . . . . . . . 202 9 The crepant (minimal) resolution . . . . . . . . . . . . . . . . 204 10 The Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . 206 10.1 Stratification of Hilb^G(A^2 ) by Irr G . . . . . . . . . . . 206 11 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210 11.1 Degrees of homogeneous generators . . . . . . . . . . . 210 11.4 The bilinear form (f, g) on m/n . . . . . . . . . . . . . 211 11.11 Partial proofs of Theorems 10.5 and 10.6. . . . . . . . . 213 12 The cyclic groups A_n . . . . . . . . . . . . . . . . . . . . . . . 214 12.1 Characters . . . . . . . . . . . . . . . . . . . . . . . . . 214 13 The binary dihedral groups D_n . . . . . . . . . . . . . . . . . 216 13.1 Binary dihedral group . . . . . . . . . . . . . . . . . . 216 13.3 Symmetric tensors modulo n . . . . . . . . . . . . . . . 216 13.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216 13.5 A sketch for D_5 . . . . . . . . . . . . . . . . . . . . . . 218 13.7 Proof of Theorem 13.6 – Start . . . . . . . . . . . . . . 220 13.11 Proof of Theorem 13.6 – Conclusion . . . . . . . . . . . 225 13.12 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 226 14 The binary tetrahedral group E_6 . . . . . . . . . . . . . . . . 226 14.1 Character table . . . . . . . . . . . . . . . . . . . . . . 226 14.2 Symmetric tensors modulo n . . . . . . . . . . . . . . . 227 14.3 Generators of V_j (ρ) . . . . . . . . . . . . . . . . . . . . 227 14.6 Proof of Theorem 10.7 in the E_6 case . . . . . . . . . . 230 14.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 232 15 The binary octahedral group E_7 . . . . . . . . . . . . . . . . . 232 15.1 Character table . . . . . . . . . . . . . . . . . . . . . . 232 15.2 Symmetric tensors modulo n . . . . . . . . . . . . . . . 233 15.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 237

16 The binary icosahedral group E_8 . . . . . . . . . . . . . . . . 237 16.1 Character table . . . . . . . . . . . . . . . . . . . . . . 237 16.2 Symmetric tensors modulo n . . . . . . . . . . . . . . . 239 17 Fine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

David R. Morrison, The geometry underlying mirror symmetry251 1 Quantum mirror symmetry . . . . . . . . . . . . . . . . . . . . 252 2 Moduli of special Lagrangian submanifolds . . . . . . . . . . . 256 3 Mathematical consequences of

mirror symmetry . . . . . . . . . . . . . . . . . . . . . . . . . 261 4 Geometric mirror pairs . . . . . . . . . . . . . . . . . . . . . . 266 5 Mirror cohomology and the

weight filtration . . . . . . . . . . . . . . . . . . . . . . . . . . 268 6 Geometric mirror symmetry for

K3 surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271

Claire Voisin, A generic Torelli theorem for the quintic threefold279 0.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 279 0.2 The methods of Griffiths and Donagi . . . . . . . . . . 280 0.3 Start of our proof . . . . . . . . . . . . . . . . . . . . . 283 0.4 via degeneration . . . . . . . . . . . . . . . . . . . . . 287 1 Dimension of the conductor [W : S^1] . . . . . . . . . . . . . . 288 2 The degenerate case . . . . . . . . . . . . . . . . . . . . . . . 292 3 Proof of the degeneracy property . . . . . . . . . . . . . . . . 306

Philippe Eyssidieux, Kähler hyperbolicity and variations of Hodge structures 317 1 Harmonic bundles and Kähler

hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . . . 320 1.1 Kähler hyperbolicity . . . . . . . . . . . . . . . . . . . 320 1.2 The Lefschetz–Gromov vanishing theorem . . . . . . . 320 2 Variations of Hodge structures . . . . . . . . . . . . . . . . . . 321 2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . 321 2.2 Arakelov type inequalities . . . . . . . . . . . . . . . . 322 3 Locally homogenous variations of Hodge

structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323 3.1 Hermitian symmetric spaces of noncompact type . . . . 323 3.2 Homogenous holomorphic vector bundles . . . . . . . . 324 3.3 Homogenous VHS . . . . . . . . . . . . . . . . . . . . . 324 3.4 Locally homogenous VHS . . . . . . . . . . . . . . . . 325 3.5 A formula of Kostant . . . . . . . . . . . . . . . . . . . 326 4 Hyperrigid locally homogenous variations of Hodge structure . 329

4.1 Scalar curvature for a Griffiths period map . . . . . . . 329 4.2 Hyperrigidity . . . . . . . . . . . . . . . . . . . . . . . 330 4.3 Constructing examples . . . . . . . . . . . . . . . . . . 332 A Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333 A.1 Length of the fundamental representations . . . . . . . 333 A.2 Special weights for classical domains . . . . . . . . . . 335 A.3 Examples of 1-hyperrigid period maps . . . . . . . . . 336

Bernd Siebert, Symplectic Gromov–Witten invariants 339 1 Setting up the problem . . . . . . . . . . . . . . . . . . . . . . 344 1.1 The traditional approach . . . . . . . . . . . . . . . . . 344 1.2 Localized Euler classes in finite and infinite dimensions 347 1.3 The compactification problem: stable J-curves . . . . . 349 2 The ambient space . . . . . . . . . . . . . . . . . . . . . . . . 353 2.1 Charts . . . . . . . . . . . . . . . . . . . . . . . . . . . 353 2.2 Automorphisms and differentiable structure . . . . . . 356 2.3 Slices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 359 2.4 Trivializing the relative tangent bundle . . . . . . . . . 360 2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . 364 3 Construction of the virtual fundamental class . . . . . . . . . 364 3.1 Local transversality . . . . . . . . . . . . . . . . . . . . 365 3.2 Globalization . . . . . . . . . . . . . . . . . . . . . . . 366 3.3 The Main Theorem . . . . . . . . . . . . . . . . . . . . 367 3.4 Alternative approaches . . . . . . . . . . . . . . . . . . 368 4 Axioms for GW invariants . . . . . . . . . . . . . . . . . . . . 371 4.1 GW invariants . . . . . . . . . . . . . . . . . . . . . . . 371 4.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . 373 5 Comparison with algebraic GW invariants . . . . . . . . . . . 375 5.1 A model argument . . . . . . . . . . . . . . . . . . . . 376 5.2 Sketch proof by comparing cones . . . . . . . . . . . . 377 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 384

K. Behrend, Algebraic Gromov–Witten invariants 389 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 390 2 What are Gromov–Witten invariants? . . . . . . . . . . . . . . 393 2.1 Cohomology theories . . . . . . . . . . . . . . . . . . . 393 2.2 Moduli stacks of curves . . . . . . . . . . . . . . . . . . 395 2.3 Systems of Gromov–Witten invariants . . . . . . . . . 397 2.4 Axioms for Gromov–Witten invariants . . . . . . . . . 400 3 Construction of Gromov–Witten invariants . . . . . . . . . . . 407 3.1 Stable maps . . . . . . . . . . . . . . . . . . . . . . . . 407 3.2 The construction: an overview . . . . . . . . . . . . . . 411

Contents 1

3.3 Axioms for J(W, τ) . . . . . . . . . . . . . . . . . . . . 413 3.4 The unobstructed case . . . . . . . . . . . . . . . . . . 417 4 Virtual fundamental classes . . . . . . . . . . . . . . . . . . . 420 4.1 Construction of J(W, τ), an overview . . . . . . . . . . 420 4.2 Cones and cone stacks . . . . . . . . . . . . . . . . . . 422 4.3 The intrinsic normal cone . . . . . . . . . . . . . . . . 426 4.4 The intrinsic normal cone and obstructions . . . . . . . 428 4.5 Obstruction theory . . . . . . . . . . . . . . . . . . . . 431 4.6 Fundamental classes . . . . . . . . . . . . . . . . . . . 435 4.7 Gromov–Witten invariants . . . . . . . . . . . . . . . . 437 4.8 Complete intersections . . . . . . . . . . . . . . . . . . 438

P.M.H. Wilson, Flops, Type III contractions and Gromov–Witten invariants on Calabi–Yau threefolds 441 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 441 2 Flops and Gromov–Witten invariants . . . . . . . . . . . . . . 442 3 Type III contractions and Gromov–Witten invariants . . . . . 446 4 Calculation of n_2 for Type III contractions . . . . . . . . . . . 452 5 An application to symplectic deformations of Calabi–Yaus . . 458

Roberto Paoletti, On symplectic invariants of algebraic varieties coming from crepant contractions 461 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461 2 Proof of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . 467 3 Proof of Theorem 1.3 . . . . . . . . . . . . . . . . . . . . . . . 471 4 Proof of Theorem 1.4 . . . . . . . . . . . . . . . . . . . . . . . 471 5 Proof of Theorem 1.5 . . . . . . . . . . . . . . . . . . . . . . . 474