Degenerate double covers of the projective plane

Marco Manetti^∗

Abstract

We prove that the set of canonical models of surfaces of general type which are double covers of P^2 branched over a plane curve of degree 2h is a connected component of the moduli space if and only if h is even. To get a connected component when h is odd, we must add some special surfaces called degenerate double covers of P^2.

Moreover, we show that the theory of simple iterated double covers (cf. [Ma3]) “works” for every degenerate double cover of P^2; this allows us to construct many examples of connected components of the moduli space having simple iterated double covers of P^2 as generic members.

0 Introduction

Double covers of rational surfaces play an important role in the theory of minimal surfaces of general type, especially those with small c^2_1 (cf. [Hor1]). For example, if S is a smooth minimal surface with K^2_S = 2 and p_g(S) = 3, then its canonical model is a double cover of P^2, while if K^2_S = 8 and p_g(S) = 6 then S is either a deformation of a double cover of P^2, or a deformation of a double cover of P^1 × P^1 ([B–P–V, p. 231]).

One of the main goals of this paper is to determine all smooth surfaces of general type that are (smooth) deformations in the large of a double cover of P^2. In other words, if M denotes the coarse moduli space of surfaces of general type ([Gi]) and S_0 → P^2 is a double cover (branched over a nonsingular curve), we want to describe all surfaces S whose classes [S] ∈ M are in the same connected component as [S_0]. It is important to say that, as we consider only smooth deformations, the minimal resolution of double covers of P^2 branched over very singular curves are not in the same connected component of [S_0].

∗Research carried out under the EU HCM project AGE (Algebraic Geometry in Europe), contract number ERBCHRXCT 940557. 123

For every h ≥ 4, let N(P^2, O(h)) ⊂ M be the (irreducible) subset of surfaces whose canonical model is a double cover of P^2 branched over a plane curve D ⊂ P^2 of degree 2h. Equivalently N(P^2, O(h)) ⊂ M is the set of double covers of P^2 branched over a curve of degree 2h with at most simple singularities [B–P–V, II.8]. It is not difficult to prove that N(P^2, O(h)) is an open subset of the moduli space, but the above examples show that it is not closed in general. Our first result is the following:

Theorem A Let h ≥ 4 be a fixed integer and set N = N(P^2, O(h)).

(1) N is open in the moduli space.

(2) N is closed in the moduli space if and only if h is even.

(3) If h is odd then the closure of N in the moduli space is open.

(4) The closure of N(P^2, O(h)) in the moduli space is a connected component.

We recall that the local analytic structure of M at a point [S] is isomorphic to the quotient of the base space of the semiuniversal deformation of the canonical model S^{can} by the (finite) group of automorphisms of S (cf. [Gi], [Ma4]) and the subset M_K2_{,χ} ⊂ M of minimal surfaces with fixed K^2, χ is a quasiprojective variety. (1) is therefore an easy application of well-known theorems about deformations of double covers of smooth surfaces, while (4) is an immediate consequence of (1), (2) and (3).

The idea of the proof of (2) and (3) is the following: let {S_t}, t ∈ Δ be a flat family of minimal surfaces of general type such that [S_t] ∈ N(P^2, O(h)) for every t ≠ 0. Denoting by Y_0 the canonical model of S_0, we use the results of [Ma1] to prove that either [S_0] ∈ N(P^2, O(h)), or Y_0 is a double cover of W_0, the projective cone over the rational normal curve of degree 4 in P^4, nonflat over the vertex w_0 ∈ W_0; in the latter case we call Y_0 a degenerate double cover of P^2. (As the referee points out, degenerate double cover of P^2 and their deformations can also be described easily in terms of subvarieties of the weighted projective space P(1, 1, 1, 2, d).)

It is then clear that (3) is a consequence of the local irreducibility of the moduli space M at every degenerate double cover Y_0 of P^2; this is proved in §4 by giving an explicit description of the Kuranishi family of Y_0.

We also prove the vanishing of some Ext groups on Y_0; these results allow us to apply the machinery of [Ma3] of simple iterated double covers to give a large number of examples of connected components of the moduli space. A finite map between normal algebraic surfaces p: X → Y is called a simple iterated double cover associated to a sequence of line bundles L_1, . . . , L_n ∈ Pic Y if the following conditions hold:

(1) There exist normal surfaces X = X_0, . . . , X_n = Y and flat double covers π_i : X_{i−1} → X_i such that p = π_n ∘ · · · ∘ π_1.

(2) If p_i = π_n ∘ · · · ∘ π_{i+1} : X_i → Y is the composite of the π_j for j > i, then we have the eigensheaf decomposition π_{i∗}O_{Xi−1} = O_{Xi} ⊕ p^∗_i (−L_i) for each i = 1, . . . , n.

We say that a simple iterated double cover π : X → Y is smooth if each X_i is smooth. By [Ma3, 2.1], π : X → Y is smooth if and only if X is smooth.

For any sequence L_1, . . . , L_n ∈ Pic P^2, define N(P^2, L_1, . . . , L_n) to be the locus in the moduli space M of surfaces of general type whose canonical model is a simple iterated double cover of P^2 associated to L_1, . . . , L_n. The subset N(P^2, L_1, . . . , L_n) is parametrized by a Zariski open subset of the space of sections of a decomposable vector bundle of rank 2^n −1 over P^2 (cf. [Ma3]), and therefore it is irreducible and unirational.

Theorem B Set N = N(P^2, L_1, . . . , L_n) with l_i = deg L_i, and write N for the closure of N in the moduli space.

(1) If l_n ≥ 4 and l_i > 2l_{i+1} for i = 1, . . . , n − 1 then N is an open subset of the moduli space.

(2) Assume in addition to (1) that l_1, . . . , l_{n−1} are even integers, l_n is odd and [S] ∈ N \ N; then the canonical model of S is a simple iterated double cover of a degenerate double cover of P^2 and has unobstructed deformations.

(3) If l_n ≥ 5 is odd, l_i is even and l_i > 2l_{i+1} for each i = 1, . . . , n − 1 then N is a connected component of the moduli space M.

In the last section of this paper we see, using Theorem B, (3) that simple iterated double covers of P^2 give examples of distinct connected components of moduli space whose general members are smooth simple iterated double covers of P^2 with fixed numerical invariants.

This paper is considered as the ideal continuation of [Ma1] and [Ma3]. To avoid the excessive number of pages necessary for a selfcontained proof of Theorems A and B, we often use the results of the above papers.

An earlier version of this paper formed part of the author’s thesis [Ma4]. It is a pleasure to thank my advisor F. Catanese, and also L. Badescu and C. Ciliberto for their interest in this work and many fruitful discussions. Thanks also to the referee for several useful remarks.

Notation

We work exclusively over the complex field C ; for any algebraic variety X, we write Ω^1_X for the sheaf of Kähler differentials and θ_X = (Ω^1_X )^∨ for the sheaf of tangent vector fields. If X is normal we denote by K_X its Weil canonical divisor.

By a deformation we mean any flat family over a connected base; a small deformation means a deformation over a germ of complex space. Thus to say that a class C of surfaces is stable under small deformations means that for every deformation f : X → B and every point b ∈ B such that f^{−1}(b) ∈ C, there exists an analytic neighbourhood b ∈ U ⊂ B such that f^{−1}(u) ∈ C for every u ∈ U.

We denote by Def_X the functor of infinitesimal deformations of X from the category of local Artinian C -algebras to pointed sets ([Sch]), by T^1_X = Def_X (C [t]/(t^2 )) its tangent space, and, if T^1_X is finite dimensional, by Def X the base space of the semiuniversal deformation of X (also called Kuranishi family). We define in a similar way Def_{(X,0)}, T^1_{(X,0)} and Def(X, 0) for any isolated singularity (X, 0).

According to [Ca3] a surface singularity (X, 0) is called a half rational double point (or half R.D.P.) if it is the quotient of a rational double point by an analytic involution. The half rational double points are completely classified in [Ca3].

For every q ≥ 0 we denote by F_q = P(O_P1 ⊕ O_P1(q)) the Segre–Hirzebruch surface; if p: F_q → P^1 is the natural fibration we denote by σ_∞, f, σ_0 ∈ Pic F_q the classes of the unique section of p with negative selfintersection, of the fibre of p and of a section disjoint from σ_∞. It is well known that σ_0, f are generators of the Picard group, σ_0 ∼ σ_∞ + qf, σ^2_0 = −σ^2_∞ = q, and the canonical bundle is K = −σ_0 − σ_∞ − 2f.

1 Degenerations of double covers of P^2

Throughout this paper we denote by W_0 ⊂ P^5 the projective cone over the rational normal curve of degree 4 in P^4 and by w_0 ∈ W_0 its singular point. The minimal resolution of W_0 is the Segre–Hirzebruch surface F_4 . It is well known that W_0 is a degeneration of P^2 and, according to [Ca3, §2] and [Ma1, Theorem 15 and Theorem 8], P^2 and W_0 are the only degenerations of the projective plane with at worst half R.D.P.s

Lemma–Definition 1.1 Let σ ⊂ W_0 ⊂ P^5 be a generic hyperplane section. Then σ is a generator of Pic W_0 = Z.

If W → Δ is a deformation of W_0 such that W_t = P^2 for every t ≠ 0, then every line bundle on W_0 extends to a line bundle on W . Moreover, if L is a line bundle on W such that L_0 = aσ then L_t = O_P2(2a) for t ≠ 0.

Proof Let γ : X = F_4 → W_0 be the minimal resolution. Since σ doesn’t contain the vertex w_0 of the cone and σ^2 = 4, γ^{−1}(σ) must be a section σ_0. The singularity at w_0 is rational, which identifies Pic W_0 with the set of line bundle L_0 on X such that L_0 · σ_∞ = 0. Since q(W_0) = p_g(W_0) = 0, the restriction Pic W → Pic W_0 is an isomorphism by ([Ma1, Lemma 2]). After a possible restriction of the family W → Δ to an open disk 0 ∈ Δ^′ ⊂ Δ of smaller radius we can assume W embedded in P^5 × Δ (cf. [Ma1, Prop. 3]) and the restriction of O_P5(a) to W_t for t ≠ 0, is a very ample line bundle with selfintersection 4a^2. The conclusion is now trivial. □

Lemma 1.2 Let f : Y → Δ be a proper flat family of normal surfaces such that Y_t is a smooth surface for every t ≠ 0, and Y_0 has at worst R.D.P.s.

Let τ : Y → Y be an involution preserving f such that Y_t/τ = P^2 for every t ≠ 0. Then either:

(i) Y_0/τ = P^2, or

(ii) Y_0/τ = W_0. The double cover π : Y_0 → W_0 is branched exactly over the vertex w_0 ∈ W_0 and over a divisor D^′ ∼ (2a − 1)σ with w_0 /∈ D^′. For t ≠ 0, Y_t → Y_t/τ = P^2 is branched over D^′_t ∼ O(4a − 2) and the divisibility of the canonical class r(Y_t) is even.

Proof The fact that the quotient family Y/τ → Δ has normal fibres follows from the general fact [L–W, 5.6] that smoothings of normal two dimensional singularities are preserved under finite group actions which are free in codimension 3. We also note that in our particular case, if π : Y → Y/τ is the projection, then π_∗O_Y = O_{Y/τ} ⊕ M, where M is the O_Δ module of anti-invariant functions, and this decomposition commutes with base change B → Δ. Y_0/τ is a normal degeneration of P^2 with at worst half R.D.P.s, and therefore either Y_0/τ = P^2 or Y_0/τ = W_0. Assume Y_0/τ = W_0; then, since (W_0, w_0) is not a rational double point, y_0 = π^{−1}(w_0) is a fixed point of the involution τ. By [Ma3, Prop. 3.2 and Table 2], the singularity (Y_0, y_0) is a simple node defined by the equation x^2_0 + x^2_1 + x^2 = 0 and the involution τ is conjugate to x_i → −x_i for i = 0, 1, 2. In particular y_0 is an isolated fixed point of the involution.

Let δ : S → Y_0 be the resolution of the node (Y_0, y_0) and E = δ^{−1}(y_0) ⊂ S the corresponding nodal curve, i.e., a smooth rational curve with selfintersection E^2 = −2. The action of τ can be lifted to an action on S, and it is easy to see that S/τ = X = F_4 . Moreover the flat double cover π : S → F_4 is branched over D = σ_∞ ∪ D^′, where σ_∞ ∩ D^′ = ∅, and since this divisor must be 2-divisible in Pic F_4 , D^′ ∼ (2a − 1)σ_0 and^1_2 (σ_∞ ∪ D^′) = aσ_0 − 2f where f denote the fibre of F_4 . □

We now recall some results of [Ma3] about flat double covers of surfaces and their deformations. Let π : X → Y be a flat double cover of normal surfaces and L → Y the line bundle such that π_∗O_X = O_Y ⊕ O_Y (−L).

The surface X can be described as a hypersurface of L defined by the equation z^2 = f, where z is a coordinate in the fibres of L and f ∈ H^0(O_Y (2L)). Clearly R = {z = 0} ⊂ X and D = {f = 0} ⊂ Y are exactly the ramification and the branch divisors of π. The line bundle L and the branch divisor D determine the double cover uniquely up to isomorphism. In this situation we say that X is a flat double cover of Y associated to the line bundle L. If φ ∈ H^0(O_Y (2L)) the surface of equation z^2 = f + φ is called a natural deformation of X.

Applying the functor Hom_{OX} (−, O_X ) to the exact sequence of sheaves

0 → π^∗Ω^1_Y → Ω^1_X → O_R(−R) → 0 (1.3)

on X gives the exact sequence

Ext^1_{OX} (O_R(−R), O_X )^ε−→ Ext^1_{OX} (Ω^1_X , O_X ) → Ext^1_{OY} (Ω^1_Y , O_Y ) ⊕ Ext^1_{OY} (Ω^1_Y , −L). (1.3^′)

Now there exists an isomorphism Ext^1_{OX} (O_R(−R), O_X ) = H^0(O_R(π^∗D)) = H^0(O_D(D)), and if q(Y ) = 0 then the image of ε is exactly the space of first order natural deformations of X. In particular if Y = P^2 and the degree of L is ≥ 4 then ε is surjective, so that by the Kodaira–Spencer criterion the family of natural deformations is complete, and then double covers of P^2 are stable under small deformations.

This proves that N(P^2, O(h)) is open in the moduli space for every h ≥ 4 and that

N_0(P^2, O(h)) = { [S] ∈ N(P^2, O(h)) | | K_S is ample}

is an open dense subset of it. More generally, the following holds:

Proposition 1.4 ([Ma3], 2.3) In the above notation, let ~X → ~Y → H be a deformation of the map π parametrized by a smooth germ (H, 0) and let r_X : (H, 0) → Def X, r_Y : (H, 0) → Def Y be the induced maps. Assume:

1. r_Y is smooth.

2. The image of r_X contains the natural deformations.

3. Ext^1_{OY} (Ω^1_Y , −L) = 0 and H^1(O_Y ) = 0.

Then the morphism r_X is smooth.

Definition 1.5 Let a ≥ 3 be an integer and π : S → F_4 the double cover associated to L = aσ_0 − 2f branched over the disjoint union of σ_∞ and a divisor D^′ ∼ (2a − 1)σ_0 with at worst simple singularities ([B–P–V, II.8]). E = π^{−1}(σ_∞) is a nodal curve; taking its contraction δ : S → Y_0 we get a surface with at worst rational double points which is a double cover of the cone W_0. We say that Y_0 is a degenerate double cover of P^2. The number a determines K^2_{Y0} = 8(a − 2)^2 and is called the discrete building data of Y_0.

If a = 2 the above construction still makes sense. In this case, we obtain a well-studied class of K3 surfaces [Sai, §5], [Hor2].

Theorem 1.6 For even h ≥ 4, the set N = N(P^2, O(h)) is a connected component of moduli space. If h is odd then the set N \ N is contained in the set of degenerate double covers of P^2 with discrete building data a =^1_2 (h + 1).

Proof Note first that N and N_0 have the same closure in the moduli space. If [S_0] ∈ N_0 then by valuative criterion, there exists a deformation f : S → Δ of S_0 with [S_t] ∈ N_0 for every t ≠ 0, and an involution τ acting on the punctured family S^∗ → Δ^∗ such that S_t/τ = P^2 for every t ≠ 0. Let Y → Δ be the relative canonical model of S → Δ. Then Y_0 is a normal surface with at worst rational double points and ample canonical bundle and Y_t = S_t for every t ≠ 0. It is now an immediate consequence of [F–P, Prop. 4.4] (cf. also [Ma5]) that τ extends to a biregular involution of Y . As is well known, in general τ does not necessarily extend to a biregular involution of S (cf. [Ca3]).

The theorem now follows from Lemma 1.2. □

Remark 1.7 In the notation of 1.4, if Def_X is prorepresentable (e.g., if H^0(θ_X ) = 0), then it can be proved that Proposition 1.4 holds without the assumption that (H, 0) is smooth. Philosophically, this means that if X → Y is a flat double cover of normal surfaces ramified over a sufficiently ample divisor then Def X is isomorphic to the product of Def Y with a smooth germ (C^n , 0).

One of the main goals of the next sections is to prove that every degenerate double cover Y_0 has unobstructed deformations. The natural double cover π : Y_0 → W_0 is not flat and so we cannot apply the above result (fortunately, since Def W_0 is not irreducible, cf. [Rie]).

2 Vanishing theorems for degenerate double covers of P^2

Before proving the main results of this section we need an explicit description of all cotangent vector fields with fixed poles on a Segre–Hirzebruch surface F_q , q > 1. For this, we use the description F_q = (C^2 − {0}) × (C^2 − {0})/ ∼ where (l_0, l_1, t_0, t_1) ∼ (λl_0, λl_1, λ^qμt_0, μt_1) for any λ, μ ∈ C^∗ .

From now on, by the standard torus action on F_q we mean the faithful (C^∗ )^2 action given by (C^∗ )^2 ∋ (ξ, η): (l_0, l_1, t_0, t_1) → (l_0, ξl_1, ηt_0, t_1).

F_q is covered by four affine planes C^2 ≃ U_{i,j} = {l_it_j ≠ 0} which are invariant for the standard torus action. In this affine covering, we choose local coordinates as follows:

U_{0,1} : z = l_1/l_0 and s = t_0/t_1l^q_0, U_{0,0} : z = l_1/l_0 and s^′ = t_1l^q_0/t_0, U_{1,0} : z^′ = l_0/l_1 and y^′ = t_1l^q_1/t_0, U_{1,1} : z^′ = l_0/l_1 and y = t_0/t_1l^q_1.

(2.1)

We call U_{0,1} the principal affine subset and z, s principal affine coordinates. The other pairs of affine coordinates are related to s, z by

z^′ = z^{−1}, s^′ = s^{−1} y = sz^{−q} and y^′ = s^{−1}z^q = y^{−1}.

The map F_q → P^1, (l_0, l_1, t_0, t_1) → (l_0, l_1) represents the Segre–Hirzebruch surface as a rational geometrically ruled surface, where σ_∞ : {t_1 = 0}, σ_0 : {t_0 = 0} and f : {l_1 = 0}. Note that the rational function y gives the rational equivalence σ_∞ ∼ σ_0 − qf.

Lemma 2.2 h^0(F_q , Ω^1(pσ_0 + rσ_∞)) = qp^2 − 1 for every p, q > 0 and r ≥ 0.

Proof H^0(Ω^1(pσ_0 + rσ_∞)) is the vector space of rational cotangent vector fields having at most poles of order p and r along σ_0 and σ_∞ respectively. The standard torus action induces an eigenspace decomposition H^0(Ω^1(pσ_0 + rσ_∞)) = ⨁ a,b∈Z M_{a,b} where ω ∈ M_{a,b} if and only if ω = α_{a,b}z^{a−1}s^bdz + β_{a,b}z^as^{b−1}ds on the open set U_{0,1}, for some complex numbers α_{a,b}, β_{a,b}.

The same ω is written in U_{0,0} as ω = α_{a,b}z^{a−1}s^{′−b}dz − β_{a,b}z^as^{′−b−1}ds^′ and in U_{1,1} ω = −(α_{a,b} + qβ_{a,b})z^{′−(a+1+qb)}y^bdz^′ + β_{a,b}z^{′−(a+qb)}y^{b−1}dy Note that σ_0 ∩U_{0,1} : {s = 0}, σ_∞ ∩U_{0,1} = ∅, σ_0 ∩U_{0,0} = ∅, σ_∞ ∩U_{0,0} : {s^′ = 0}, σ_0 ∩ U_{1,1} : {y = 0} and σ_∞ ∩ U_{1,1} = ∅. From the above local description of ω it follows immediately that ω ≠ 0 implies b < 0, and then there exists an isomorphism H^0(Ω^1(pσ_0 +rσ_∞)) = H^0(Ω^1(pσ_0)). By reflexivity, every section of Ω^1(pσ_0) on U_{0,1} ∪ U_{0,0} ∪ U_{1,1} extends to a unique section on F_q , so that the following set of rational cotangent vector fields z^{a−1}s^bdz for a ≥ 1, 0 ≥ b ≥ −p, a + 1 + qb ≤ 0, z^as^{b−1}ds for a ≥ 0, −1 ≥ b ≥ 1 − p, a + bq < 0, −qz^{a−1}s^bdz + z^as^{b−1}ds for − 1 ≥ b ≥ 1 − p, a + bq = 0 are qp^2 − 1 bihomogeneous sections of Ω^1(pσ_0); to prove that these form a basis is an easy calculation, that we omit. □

Corollary 2.3 For every p, q, r > 0, h^1(F_q , θ) = q − 1, h^1(F_q , Ω^1(pσ_0)) = 1 and h^2(F_q , θ) = h^2(F_q , Ω^1(pσ_0)) = h^1(F_q , Ω^1(pσ_0 + rf)) = 0.

Proof The equality h^1(F_q , θ) = q − 1 is well known ([Ko]). By the Hodge decomposition and Serre duality we have h^0(F_q , Ω^1) = h^2(F_q , θ(K)) = 0 and h^2(F_q , Ω^1) = 0, and since both −K and pσ_0 are effective divisors also h^2(F_q , θ) and h^2(F_q , Ω^1(pσ_0)) vanish. By Riemann–Roch and Lemma 2.2 we then get h^1(F_q , Ω^1(pσ_0)) = 1.

For every p, r > 0 it follows from standard exact sequences that

h^1(F_q , Ω^1(pσ_0 + rf)) ≤ h^1(F_q , Ω^1(σ_0 + f)) = h^0(F_q , Ω^1(σ_0 + f)) − q,

and using the method of proof of Lemma 2.2 we easily see that z^{a−1}s^{−1}dz, for 0 ≤ a ≤ q − 1 is a basis of H^0(F_q , Ω^1(σ_0 + f)), and the right-hand side above is 0. □

Proposition 2.4 In the surface F_q , q > 0 we have:

(i) H^0(aσ_0 + bf) ≠ 0 if and only if a ≥ 0 and aq + b ≥ 0.

(ii) The linear system |aσ_0 + bf| contains a reduced divisor if and only if either a > 0, b ≥ −q or a = 0, b > 0.

(iii) H^1(aσ_0 + bf) = 0 if and only if either a = −1 or a ≥ 0, b ≥ −1 or a ≤ −2, b ≤ q − 1. (iv) For every pair of positive integers p, r, the natural map

H^0(pσ_0) ⊗ H^0(rσ_0) → H^0((p + r)σ_0)

is surjective; in particular the image of F_q by the complete linear system |σ_0| is projectively normal.

(v) P_{−1}(F_q ) = h^0(−K_{Fq} ) = max(9, q + 6).

Proof (i) and (ii) are clear since |σ_0|, |f| are base point free and σ_∞ ∈ |σ_0 − qf|. By Serre duality it is sufficient to study the vanishing of h^1 only for a ≥ −1. Using standard exact sequences and induction on |b| we have

h^1(−σ_0 + bf) = h^1(−σ_0) = 0 for every b ∈ Z,

and if b ≥ −1, by induction on a ≥ 0 we have

h^1(aσ_0 + bf) ≤ h^1(−σ_0 + bf) = 0.

If a ≥ 0 and b ≤ −2 then we can write aσ_0 + bf = σ_∞ + D where by (i) and Serre duality h^2(D) = 0, thus

h^1(aσ_0 + bf) ≥ h^1(O_{σ∞} (aσ_0 + bf)) = h^1(O_P1(b)) > 0.

In the principal affine coordinates z, s a bihomogeneous basis of H^0(pσ_0) is given by the monomials s^{−a}z^b with 0 ≤ a ≤ p and 0 ≤ b ≤ aq, so that (iv) follows immediately.

For every q ≥ 0 we have −K = σ_0 + σ_∞ + 2f and K^2 = 8. If q ≤ 3 by (iii) and Serre duality H^1(−K) = H^2(−K) = 0 and P_{−1} = 9 by Riemann–Roch. If q ≥ 3 then −K · σ_∞ < 0 and P_{−1} = h^0(σ_0 + 2f) = q + 6. □ Throughout the rest of this section a is a fixed integer ≥ 3. Let X be the Segre–Hirzebruch surface F_4 and π : S → X the double cover ramified over D = σ_∞ ∪ D^′ with D^′ a reduced divisor linearly equivalent to (2a − 1)σ_0. We assume that S has at worst rational double points and write R ⊂ S for the ramification divisor.

We have π_∗O_S = O_X ⊕ O_X (−L) where L = aσ_0 − 2f and E = π^{−1}(σ_∞) is a nodal curve. Denote by δ : S → Y_0 the contraction of E; then Y_0 is a surface with at worst rational double points and ample canonical bundle. We call δ(E) = y_0 the vertex of the degenerate double cover Y_0.

By abuse of notation we use the same letter σ to denote the line bundles σ_0 ∈ Pic X, π^∗σ_0 ∈ Pic S and δ_∗π^∗σ_0 ∈ Pic Y_0. By the Hurwitz formula K_S = π^∗(K_X + L) = (a − 2)σ.

Lemma 2.5 H^1(Y_0, pσ) = 0 for every integer p. Proof By the Leray spectral sequence we have

H^1(Y_0, pσ) = H^1(S, pσ) = H^1(X, pσ) ⊕ H^1(X, (p − a)σ + 2f) and the lemma follows from Proposition 2.4, (iii). □ Lemma 2.6 For every smooth curve C contained in a smooth surface S, H^1_C (Ω^1_S ) ≠ 0.

Proof There exists an inclusion H^0(F ⊗ O_C (C)) ⊂ H^1_C (F) for any locally free sheaf F on S (this is proved in [B–W, 1.5] for the tangent sheaf, but the same proof works for any locally free sheaf) and according to the exact sequence of differentials H^0(O_C ) ⊂ H^0(Ω^1_S ⊗ O_C (C)). □ Lemma 2.7 If p ≥ 2a then h^1(S, Ω^1_S (K_S + pσ)) ≤ 1. Proof We consider the exact sequence on S (cf. (1.3))

0 → π^∗(Ω^1_X (K_X + L + pσ)) → Ω^1_S (K_S + pσ) → O_R(π^∗(K_X + pσ)) → 0, where R ⊂ S is the ramification divisor.

Using the previous results, we get h^1(O_D(K_X + pσ))

≤ h^1(X, (p − 2)σ + 2f) + h^2(X, K_X + (p − 2a)σ + 4f) = 0 h^1(π^∗Ω^1_X (K_X + L + pσ)) = h^1(Ω^1_X (K_X + L + pσ)) + h^1(Ω^1_X (K_X + pσ)) = 1 for p ≥ 2a, and the proof follows from the equality h^1(O_R(π^∗(K_X + pσ))) = h^1(O_D(K_X + pσ)). □ Theorem 2.8 In the above notation, Ext^1_{Y0} (Ω^1_{Y0} , −pσ) = 0 for every p ≥ 2a.

Proof Y_0 is a Gorenstein surface, in particular K_{Y0} +pσ is a Cartier divisor. By Serre duality ([Ha1, p. 243])

Ext^1_{Y0} (Ω^1_{Y0} , −pσ)^∨ = Ext^1_{Y0} (Ω^1_{Y0} (K_{Y0} + pσ), K_{Y0} )^∨ = H^1(Ω^1_{Y0} (K_{Y0} + pσ)).

We use the following exact sequence of sheaves on Y_0 ([Kas], [Pi2])

0 → Ω^1_{Y0} → δ_∗Ω^1_S^α−→ C_{y0} → 0,

where for every open subset E ⊂ U ⊂ S and every ω ∈ H^0(U, Ω^1_S ), α(ω) = 0 if and only if the holomorphic 2-form dω vanishes in E. It is immediate to observe that Ω^1_{Y0} , being locally generated by closed 1-form, is contained in the kernel of α; the converse inclusion requires some computation ([Kas, p. 55]). Note moreover that, according to ([Ste], [Pi1, App.]), the sheaf δ_∗Ω^1_S is reflexive, and then the exactness of the above sequence is equivalent to the equality H^1_{{y0}}(Y_0, Ω^1_{Y0} ) = C .

Twisting the above exact sequence by K_{Y0} + pσ = δ_∗(K_S + pσ) we get

0 → Ω^1_Y (K_{Y0} + pσ) → δ_∗Ω^1_S (K_S + pσ)^α−→ C_{y0} → 0.

Our first step is to prove that H^1(Ω^1_{Y0} (K_{Y0} + pσ)) = H^1(δ_∗Ω^1_S (K_S + pσ)) for p ≥ 2a, that is, that α is surjective on global sections. Actually the following stronger result holds:

Lemma 2.9 In the above notation if p ≥ 2 then the composite of H^0(α) with the pullback map π^∗ : H^0(Ω^1_X (K_X + pσ)) → H^0(Ω^1_S (K_S + pσ)) is surjective.

Proof Let s, z be the principal affine coordinates on X = F_4 and consider ω = s^{−2}dz(dz ∧ ds) ∈ H^0(Ω^1_X (K_X + pσ)). In the open set U_{0,0} ⊂ X with coordinates z, s^′, ω = dz(ds^′ ∧ dz), σ_∞ = {s^′ = 0} and locally S is the double cover of X defined by equation ξ^2 = s^′ and then π^∗ω = 2ξdz(dξ ∧ dz).

Now dξ ∧ dz extends to a holomorphic invertible section of K_S in a neighbourhood of E and then, up to nonzero scalar multiplication, α(π^∗ω) = α(ξdz) ≠ 0 since d(ξdz) = dξ ∧ dz. □

The Leray spectral sequence gives an exact sequence

0 → H^1(δ_∗Ω^1_S (K_S + pσ)) → H^1(Ω^1_S (K_S + pσ))^r−→ H^0(R^1δ_∗Ω^1_S (K_S + pσ)),

and if r ≠ 0 then by Lemma 2.7 the proof is complete.

For any open set E ⊂ U ⊂ S there exists an exact sequence

0 → H^0(U, Ω^1_S (K_S + pσ))^β−→ H^0(U \ E, Ω^1_S (K_S + pσ))

d−→ H^1_E(Ω^1_S (K_S + pσ))^{rU}−→ H^1(U, Ω^1_S (K_S + pσ)).

On the open set V = δ(U) ⊂ Y , the coherent sheaf δ_∗Ω^1_S (K_S +pσ) is reflexive, in particular the above map β is an isomorphism and the map r_U is injective.

Since H^1_E (Ω^1_S (K_S + pσ)) = H^1_E(Ω^1_S ) ≠ 0 the above inclusion factors as

H^1_E(Ω^1_S ) ⊂ H^1(S, Ω^1_S (K_S + pσ))^{rU}−→ H^1(U, Ω^1_S (K_S + pσ)),

and then r = lim−→ r_U ≠ 0. □

3 Deformations of degenerate double covers locally trivial at the vertex

Let a, π : S → X and δ : S → Y_0 be as in Definition 1.5. Then π is a flat double cover, and there exists a family of natural deformations of S obtained by deforming the branch divisor D = σ_∞ ∪D^′ ∼ 2aσ −4f. Since σ_∞ is a fixed part of the linear system |D|, the natural deformations are parametrized by H^0(X, (2a − 1)σ).

The singularity (Y_0, y_0) is rational, so that, as in [B–W], we can define the blowdown morphism β : Def_S → Def_{Y0} . It is clear that every (infinitesimal) natural deformation of S is trivial in a neighbourhood of E and its blowdown is a deformation of Y_0, locally trivial at y_0.

Thus taking first order deformations gives a commutative diagram

H^0(X, (2a − 1)σ)^{Nat}−→ T^1_S ρ ↓ ↓ β T^1LT (Y_0, y_0) −→ T^1_{Y0}

where β is the blowdown map and T^1LT (Y_0, y_0) the kernel of the natural restriction map T^1_{Y0} → T^1_{(Y0,y0)}. Note that natural deformations never give a complete family of deformations of S, because the nodal curve E contributes to the space T^1_S ([B–W]).

Theorem 3.1 The above map ρ is surjective and the blowdown of the family of natural deformations of S is a complete family of deformations of Y_0, locally trivial at the vertex, with smooth base space.

Proof The exact sequence (1.3^′) in this particular case becomes

H^0(O_R(π^∗D))^ε−→ Ext^1_S(Ω^1_S , O_S )^σ−→ H^1(θ_X ) ⊕ H^1(θ_X (−L)), and the image of ε is the set of first order natural deformations. Given an open subset V ⊂ X, the inclusion π^∗Ω^1_X → Ω^1_S induces a commutative diagram

Ext^1_S (Ω^1_S , O_S ) −→ Ext^1_π−1_{(V )}(Ω^1_{π−1(V )}, O_π−1_{(V )}) σ ↓ ↓ H^1(θ_X ) ⊕ H^1(θ_X (−L))^{γV}−→ H^1(θ_V ) ⊕ H^1(θ_V (−L)).

Lemma 3.2 In the above set-up, if σ_∞ ⊂ V , then γ_V is injective.

Proof of 3.2 It is clearly sufficient to prove that the two natural maps

γ_1 : H^1(θ_X ) → H^1(θ_X ⊗ O_{σ∞} ), γ_2 : H^1(θ_X (−L)) → H^1(θ_X (−L) ⊗ O_{σ∞} )

are isomorphisms.

Note first that h^1(θ_X ⊗ O_{σ∞} ) = 3, h^1(θ_X (−L) ⊗ O_{σ∞} ) = 1 and by Corollary 2.3, h^1(θ_X ) = 3, h^1(θ_X (−L)) = h^1(Ω^1_X ((a − 2)σ_0)) = 1, h^2(θ_X (−σ_∞)) = h^0(Ω^1_X (−σ_0 − 2f)) = 0.

Hence γ_1 is surjective and then it is an isomorphism. To show that γ_2 is surjective, we prove that the natural map H^2(θ_X (−L − σ_∞)) → H^2(θ_X (−L)) or its Serre dual H^0(Ω^1_X ((a − 2)σ_0)) → H^0(Ω^1_X ((a − 2)σ_0 + σ_∞)) is an isomorphism, but this is exactly the result of Lemma 2.2. □

Returning to the proof of Theorem 3.1, we note that the open sets π^{−1}(V ), σ_∞ ⊂ V are a fundamental system of neighbourhoods of E. Thus from Lemma 3.2 it follows that for every open subset U ⊂ S with E ⊂ U, the kernel of the natural map

α : Ext^1_S(Ω^1_S , O_S ) → Ext^1_U (Ω^1_U , O_U )

is contained in the set of first order natural deformations ker σ = im ε.

We now apply this fact to a smooth open subset E ⊂ U such that δ(U) is an affine open neighbourhood of y_0. According to the Cartesian diagram ([B–W])

T^1_S^α−→ H^1(U, θ_U ) β ↓ ↓ β_U T^1_{Y0}^r−→ T^1_{Y0,y0}

we have β(ker α) = ker r = T^1LT (Y_0, y_0) and since ρ = β ∘ ε, the first part of the theorem is proved.

For the second part, we introduce the functor on Artin rings LT (Y_0, y_0) of deformations of Y_0 which are locally trivial at the point y_0. More generally, for every complex space Z with isolated singularities and for every finite subset {z_1, . . . , z_n} ⊂ Z, we can define the functor D of deformations of Z which are locally trivial at the points z_1, . . . , z_n. This functor has been studied by several authors (cf. [F–M]); for example in [G–K, §1], it is proved that:

1. D satisfies the Schlessinger conditions [Sch, H1–H3].

2. There exists a closed analytic subgerm (possibly nonreduced) V of Def Z such that the restriction of the semiuniversal deformation of Z to V is a complete family of deformations locally trivial at z_1, . . . , z_n.

3. The Zariski tangent space of V is the kernel of the differential of the natural morphism Def Z → ∏ i Def(Z, z_i).

Applying these results to the functor LT (Y_0, y_0) concludes the proof. □

4 The Kuranishi family of a degenerate double cover

Let π : Y_0 → W_0 be a degenerate double cover of P^2 ramified over the union of the vertex w_0 and a divisor D^′ ∼ (2a − 1)σ with a ≥ 3. Here we construct explicitly a smooth complete family of deformations of Y_0. This will imply in particular that the moduli space at Y_0 is locally irreducible and then the closure in the moduli space of the set N(P^2, O(h)) is a connected component for every h ≥ 4.

The idea is to describe deformations of Y_0 as canonical coverings of suitable deformations of the cone W_0 and then prove that they give a complete family.

We first recall some well-known facts about cyclic coverings associated to Q -Cartier divisors. For every normal complex space X we denote by M_X the sheaf of meromorphic functions on X and for every analytic Weil divisor D ⊂ X by O_X (D) the reflexive subsheaf of M_X of meromorphic functions f such that div(f) + D ≥ 0. We keep this explicit description of O_X (D) throughout this section.

Let L be a Weil divisor on a normal irreducible variety X such that nL is Cartier and let s ∈ H^0(X, nL) be a meromorphic function such that the divisor D = div(s)+nL is reduced and is contained in the set of points where L is Cartier.

Multiplication by s gives a morphism of O_X -modules O_X (−nL) → O_X and we may define in a natural way a coherent analytic reflexive O_X -algebra (cf. [Reid, 3.6], [E–V, 1.4]): A(L, s) = n−1⨁ i=0 A_i = n−1⨁ i=0 O_X (−iL).

If (X, x) is a normal analytic singularity, its local analytic class group is by definition the quotient of the free Abelian group generated by the germs of analytic Weil divisors modulo the subgroup of principal divisors. For a 2-dimensional rational singularity, it is a finite group naturally isomorphic to the first homology group of the link of X ([Bri]).

Lemma 4.1 Let n, L, s, D be as above. If x /∈ D then up to isomorphism, the local analytic O_x-algebra A_x(L, s) only depends on the class of L in the local analytic class group of the analytic singularity (X, x).

Proof Let n, L^′, s^′, D^′ be another set of data with x /∈ D^′ and assume that L − L^′ is principal at x. This means that there exists an analytic open neighbourhood U of x and a meromorphic function f on U such that L = L^′ + div(f) and div(s)|_U = −nL, div(s^′)|_U = −nL^′.

Therefore s^{−1}s^′f^{−n} is an invertible holomorphic function on U and, possibly shrinking U, we may assume that it admits an nth root g. Thus s = s^′(fg)^n and the multiplication map (fg)^i : O_U (−iL^′) → O_U (−iL) gives the required isomorphism. □

The cyclic group μ_n acts on the algebra A by μ_n × A_i ∋ (ξ, h) → ξ^{−i}h ∈ A_i, and then the finite map

π : Z = Specan_X (A(L, s)) → X

is a cyclic covering of normal varieties (here Specan ([Fi, 1.14]) is the analytic spectrum; if X is projective then by GAGA principles it is the same as the usual algebraic spectrum ([Ha1, II, Ex. 5.17)]).

According to Lemma 4.1, if x /∈ div(s)+nL, the germ of the covering over the point x is independent of s.

Corollary 4.2 In the above set-up, assume X compact and let T be a sufficiently small analytic open neighbourhood of s in H^0(X, nL). Let π : Z_T → X × T be the cyclic covering of degree n associated to the Weil divisor L × T and multiplication given by s(x, t) = t(x), t ∈ T .

If X → S is a flat map such that the composite Z → X → S is flat then also the composite Z_T → X × T → S × T is flat.

Proof Let U ⊂ X be the open subset where L is Cartier. If T is sufficiently small then s_t(x) = 0 for some t ∈ T implies that x ∈ U. Hence if x /∈ U then by Lemma 3.1 the germ of Z_T over (x, s) is locally isomorphic to Z × T . On the other hand the map U × T → S × T is flat and the restriction of the algebra A over U × T is locally free and then the restriction of π over U × T is a flat map. □

Therefore, in case S = point, we have a morphism from deformations of s to deformations of Z. Consider for example the hypersurface Z ⊂ P^3 × C with equation z_1z_2 − z^2_3 = tz^2_0 for t ∈ C , and the involution τ : Z → Z given by τ(t, z_0, z_1, z_2, z_3) = (t, z_0, −z_1, −z_2, −z_3).

Let t: Z → C be the projection on the coordinate t and Z_t the projective subvariety of Z of points with fixed t. It is immediate to observe that Z_t is a smooth quadric for t ≠ 0, whereas Z_0 is the cone over a nonsingular conic, and t gives the semiuniversal deformation of the isolated singularity (Z_0, (1, 0, 0, 0, 0)).

The quotient Z/τ is the variety W ⊂ P^5 × C defined by the equation

rank x_1 x_2 x_3 + tx_0 x_2 x_3 x_4 x_3 + tx_0 x_4 x_5

≤ 1, (4.3)

where x_0 = z^2_0 , x_1 = z^2_1 , x_2 = z_1z_3, x_3 = z^2_3 , x_4 = z_2z_3, x_5 = z^2 .

The quotient family W → C , (x, t) → t is a deformation of W_0 and is exactly the degeneration of P^2 obtained by sweeping out the cone over the Veronese surface V ⊂ P^5. To see this, let C(V, v) ⊂ P^6 be the projective cone over the image of the map P^2_u → P^5_x, x_1 = u^2_0, x_2 = u_0u_1, x_3 = u^2_1, x_4 = u_1u_2, x_5 = u^2, x_6 = u_0u_2 − u^2_1. It is defined by the equation

rank x_1 x_2 x_3 + x_6 x_2 x_3 x_4 x_3 + x_6 x_4 x_5

≤ 1. (4.4)

V is the intersection of C(V, v) with the hyperplane x_0 = 0 and the vertex v is the point with homogeneous coordinates (1, 0, 0, 0, 0, 0, 0).

Let H_t ⊂ P^6, t ∈ C be the hyperplane of equation x_6 − tx_0 = 0. Then H_t ∩ V = V ∩ {x_6 = 0} is a smooth hyperplane section and the surface W_t = C(V, v) ∩ H_t is exactly the surface defined in (4.3).

Let H ⊂ W be the Weil divisor defined by the equation x_2 = x_3 = x_4 = 0. Then O_W (−H) is the ideal sheaf of H, and 2H is the hyperplane section x_3 = 0 of W . In fact the closed subset {x_1 = x_3 = x_5 = 0} has codimension 3 in W and then it is sufficient to prove the equality 2H = div(x_3) on its complement. An easy computation shows that on every affine subset W ∩{x_i ≠ 0} i = 1, 3, 5 the equality of ideals (x^2x^{−1}_i , x^3x^{−1}_i , x^4x^{−1}_i )^2 = (x^3x^{−1}_i ) holds.

Note that π_∗O_Z = O_W ⊕ (z_0/z_3)O_W (−H) and then there exists an isomorphism of O_W -algebras π_∗O_Z = O_W ⊕ O_W (−H), where the algebra structure on the right is induced by multiplication x_0/x_3 : O_W (−2H) → O_W .

Now let π_0 : Y_0 → W_0 ⊂ P^5 be a fixed degenerate double cover. Then, according to Proposition 2.4, W_0 is projectively normal in P^5 and then there exists a section s_0 ∈ H^0(P^5, O(2a−1)) such that π_0 is ramified over the union of {w_0} with the divisor of the restriction of s_0 to W_0.

Let T be a small open neighbourhood of s_0 and consider the double cover

Y_T = Specan_{W ×T} ( O_{W ×T} ⊕ O_{W ×T} (−(2a − 1)H × T ) ) → W × T, where the algebra structure is induced by the section s(x, t) = s_t(x) for s_t ∈ T and x ∈ W . This makes sense since 2H × T is a Cartier divisor linearly equivalent to {s(x, t) = 0}.

By previous results (4.1, 4.2) it follows that:

(i) The map Y_T → T is a deformation of the space

Y = Specan_W ( O_W ⊕ O_W (−(2a − 1)H) )

with the algebra structure induced by s_0.

(ii) Over the vertex w_0 the space Y is isomorphic to the above space Z and then the composite Y → W → C gives a complete deformation of the node (Y_0, y_0).

It is now easy to prove the following

Theorem 4.5 In the above notation the composite f : Y_T → W × T → C × T is a smooth complete family of deformations of Y_0.

Proof We need to prove that f^{−1}(0, s_0) = Y_0 and that the Kodaira–Spencer map of the family is surjective.

By definition f^{−1}(0, s_0) = Spec_{W0} ( O_{W0} ⊕(O_W (−(2a−1)H)⊗O_{W0} ) ) while by definition and from the normality of Y_0 we have Y_0 = Spec_{W0} (O_{W0} ⊕ O_{W0} (−L)) where L = aσ − 2l, and l ⊂ W_0 is a line through w_0.

Note that all lines through w_0 are linearly equivalent, L is linearly equivalent to (4a − 2)l, the intersection H_0 = H ∩ W_0 is the union of the two lines l_1 = {x_1 = x_2 = x_3 = x_4 = 0}, l_2 = {x_5 = x_2 = x_3 = x_4 = 0} and then the natural map j_n : O_W (nH) ⊗ O_{W0} → O_{W0} (2nl) is an isomorphism over W_0 \ {w_0} for every integer n.

In a neighbourhood of the vertex w_0, since the sheaf O_W (nH) is reflexive on W and invertible for even n, by [E–V, 2.1], the map j_n is injective for every n and an isomorphism for even n. Moreover, the ideal of H_0 ⊂ W_0 is generated by x_2x^{−1}_0 , x_3x^{−1}_0 , x_4x^{−1}_0 and then j_{−1} is also surjective. Tensoring with the line bundle O_W (2pH), p ∈ Z, we get the surjectivity of j_n for every integer n. In particular, since j_{1−2a} is an isomorphism, Y_0 is a fibre of f.

By (ii) the composite of the Kodaira–Spencer map of f with the natural restriction map r : T^1(Y_0) → T^1(Y_0, y_0) is surjective, therefore it is sufficient to prove that Y_T contains every deformation locally trivial at the vertex. But this is an immediate consequence of Theorem 3.1 and the surjectivity of the map H^0(P^5, O(2a − 1)) → H^0(W_0, (2a − 1)σ) = H^0(F_4 , (2a − 1)σ). □

Corollary 4.6 Every degenerate double cover deforms to a smooth double cover of P^2; in particular, for every odd integer h ≥ 5, the subset N(P^2, O(h)) is not closed in the moduli space.

Corollary 4.7 The line bundle σ of Y_0 can be extended to every deformation of Y_0.

Proof The pullback of the hyperplane section 2H to Y_T is an extension of σ to a complete family. □

Proof of Theorem A (1) and (2) follow from Theorem 1.6. According to Theorem 4.5 the set of (possibly degenerate) double covers of P^2 is stable under small deformations, therefore N is locally open in the moduli space, proving (3) and (4). □

5 Simple iterated double covers of P^2 and their deformations

This section is almost entirely devoted to the proof of Theorem B of the introduction. The first preliminary result we need is the following

Lemma 5.1 Let π : X → Y be a simple iterated double cover associated to a sequence L_1, . . . , L_n ∈ Pic Y . Assume that Y and L_1, . . . , L_n satisfy the conditions:

(a) Def Y is smooth.

(b) L_1, . . . , L_n extends to a complete deformation of Y .

(c) For every h ≥ 0 and 0 < i < j_1 < · · · < j_h ≤ n,

H^1(Y, 2L_i − h∑ s=1 L_{js} ) = 0.

(d) H^1(O_Y ) = 0.

(e) For every h ≥ 0 and every sequence 1 ≤ j_1 < j_2 < · · · < j_h ≤ n,

Ext^1_{OY} (Ω^1_Y , h∑ s=1 −L_{js} ) = 0 and H^1(Y, h∑ s=1 −L_{js} ) = 0.

(f) H^0(L_i) ≠ 0 for every i, and H^0(Y, 2L_i − L_j ) = 0 for every j < i.

Then Def X is smooth, every deformation of X is a simple iterated double cover of a deformation of Y and if M ∈ Pic Y extends to a complete deformation of Y then π^∗M extends to a complete deformation of X.

Proof Using the computation (involving (f)) about Ext groups in the proof of [Ma3, 2.7] and induction on n, we can reduce the proof of the lemma to the case n = 1. In this case the cohomological conditions (c), (d) and (e) become

H^1(O_Y ) = H^1(Y, −L) = H^1(Y, 2L) = Ext^1_{OY} (Ω^1_Y , −L) = 0.

Then X is defined in the total space of the line bundle L by the equation z^2 = v_0 with v_0 ∈ H^0(Y, 2L). Let ~Y → Def Y be the Kuranishi family of Y and ~L ∈ Pic ~Y the extension of L (which is unique by (d)). Since H 1(Y, 2L) = 0, by semicontinuity and base change there exists a subspace V ⊂ H^0(~Y , 2~L) such that the natural restriction V → H^0(Y, 2L) is an isomorphism.

Taking H ⊂ V a small neighbourhood of v_0 we can consider the flat double cover ~π : ~X → ~Y × V defined by equation

z^2 = v(y) with y ∈ ~Y and v ∈ V .

By construction the flat maps ~X^{π̃}−→ ~Y × V → Def Y × V are deformations of the double cover π : X → Y and satisfy the assumptions of Proposition 1.4. Therefore ~X is a complete deformation of X, Def X is smooth and it is clear that if ~M ∈ Pic ~Y extends M then ~π^∗ ~M extends π^∗M. Note that if the generic deformation of Y is smooth and the linear system |2L| is base point free then a generic small deformation of X is also smooth. □ We recall that Ext^1_{OP2} (Ω^1_{P2}, O_P2(−h)) = 0 for every h ≠ 3 and therefore we have the result:

Corollary 5.2 Let π : X → P^2 be a simple iterated double cover associated to the sequence of line bundles L_1, . . . , L_n with deg L_i = l_i. If l_i > 2l_{i+1} and l_n ≥ 4 then every deformation of X is a simple iterated double cover of P^2 and the set N(P^2, L_1, . . . , L_n) is open in the moduli space.

Proof Immediate consequence of Lemma 5.1. □

Next we want to classify all the possible degenerations of simple iterated double covers of P^2. For reasons that will be clear later, we consider only the case where the degrees l_i satisfy certain numerical conditions.

Definition 5.3 A sequence of line bundles L_1, . . . , L_n, L_i = O_P2(l_i) is called a good sequence if satisfies the following 3 conditions:

(1) l_i ≥ 4 for every i = 1, . . . , n.

(2) l_i > 2l_{i+1} for every i = 1, . . . , n − 1.

(3) l_n is odd and l_i is even for i = 1, . . . , n − 1.

A good simple iterated double cover of P^2 is, by definition, a simple iterated double cover associated to a good sequence.

Proposition 5.4 Let L_1, . . . , L_n ∈ Pic P^2 be a good sequence, L_i = O(l_i) and let X_0 be the canonical model of a surface belonging to the closure of N(P^2, L_1, . . . , L_n). Then either X_0 is a simple iterated double cover of P^2 associated to L_1, . . . , L_n, or there exists a degenerate double cover Y_0 of P^2 with discrete building data a =^1_2 (l_n + 1) such that X_0 is a simple iterated double cover of Y_0 associated to the sequence M_1, . . . , M_{n−1}, M_i = (l_i/2)σ.

Proof Note that if π : X → P^2 is a smooth simple iterated double cover associated to a good sequence O(l_i) then K_X = π^∗O( ∑ l_i − 3) is ample and then the subset N_0 ⊂ N of surfaces with smooth canonical models is a Zariski open dense subset, in particular the closure of N_0 is the same as the closure of N in the moduli space.

Let f : X → Δ be a deformation of X_0 such that X_t is a smooth simple iterated double cover of P^2 associated to L_1, . . . , L_n for t ≠ 0.

We now prove by induction on n that, up to base change, there exists a factorization f : X^p−→ Y^g−→ Δ, where g is a deformation of a (possibly degenerate) double cover Y_0 of the projective plane with Y_t a smooth double cover associated to L_n for t ≠ 0, and p is a simple iterated double cover of Y associated to ~M_1, . . . , ~M_{n−1} with ~M_i the unique extension of M_i to Y (if Y_0 is not degenerate we set M_i = g^∗_0L_i).

This holds trivially if n = 1, so we assume n > 1. As in the proof of Theorem 1.6, after a possible base change, the action of the trivial involution τ of the surfaces X_t extends to an action over X, and we have a quotient family f^′ : Z = X/τ → Δ. Now Z_t is a simple iterated double cover of P^2 associated to the sequence L_2, . . . , L_n for t ≠ 0. By the Hurwitz formula, for t ≠ 0 the canonical bundle of Z_t is the pullback of O_P2(l_2 + · · · + l_n − 3) and then its divisibility in H^2(Z_t, Z) is even. By [Ma3, 3.1], Z_0 has at worst rational double points and the double cover π : X → Z is flat. Now by the Brieskorn–Tyurina simultaneous resolution and semicontinuity, the minimal resolution of Z_0 is a smooth minimal surface of general type and, taking the relative canonical model of Z we have, up to a base change, a factorization X^π−→ Z = X/τ^δ−→ Z_{can}^p−→ Y^g−→ Δ, with p, g and Y as in the induction hypothesis.

Thus, to conclude the proof we only need to show that δ is an isomorphism, i.e., that the canonical line bundle of Z_0 is ample. Since π is flat there exists a decomposition π_∗O_X = O_Z ⊕ p^∗O_Z (−H), where H is a line bundle over Z such that H_t is the pullback of L_1 for every t ≠ 0. If ~M_1 ∈ Pic Y is the extension of^1_2 (l_n + 1)σ then, ~M_{1,t} is the pullback of L_1 over Y_t and then, since q(Z_0) = 0, by injectivity of the extension ([Ma3, 3.8]) we have H = δ^∗p^∗ ~M_1.

Assume that K_{Z0} is not ample; then δ contracts some irreducible curve C with K_{Z0} · C = 0, H_0 · C = 0. If C^′ ⊂ X_0 is the strict transform of C then by the Hurwitz formula K_{X0} · C^′ = 0, which is a contradiction. □

Proof of Theorem B Theorem B, (1) is exactly Lemma 5.1 applied to the case Y = P^2, L_i = O_P2(l_i). In B.2, L_1, . . . , L_n is a good sequence (Definition 5.3), so that by Proposition 5.4, if [S] ∈ N \ N then the canonical model of S is a simple iterated double cover of Y , a degenerate double cover of P^2 with discrete building data a =^1_2 (l_n + 1), associated to the sequence M_1, . . . , M_{n−1} ∈ Pic Y , M_i = (l_i/2)σ and the smoothness of Def X follows from Lemma 5.1 and the vanishing theorems of §2.

B.3 follows immediately from B.1, B.2 and the local properties of the moduli space of surfaces of general type. □

6 Some examples

For every smooth surface of general type S we denote by I_S = K^2_S − 8χ(O_S ) its index and by r(S) the divisibility of the canonical class:

r(S) = max { r ∈ N | k_S = rc for some c ∈ H^2(S, Z) } . If S is a smooth simple iterated double cover of P^2 associated to a good sequence L_1, . . . , L_n with deg(L_i) = l_i, then using the formulas of [Ma3] we have π_1(S) = 0, and

K^2_S = 2^n( ∑ l_i − 3)^2, I_S = 2^n(1 − ∑ l^2_i ), r(S) = ( ∑ l_i − 3), so that the invariants K^2, I and r only depend on the two positive integers ∑ l_i, and ∑ l^2_i .

Example 6.1 For n = 3 we can consider the two sequences

(l_1, l_2, l_3) = (3T − 24, T, 5) and (l^′_1, l^′_2, l^′_3) = (3T − 22, T − 6, 9).

Then ∑ l_i = ∑ l^′_i, ∑ l^2_i = ∑ l^′_i^2 and for every even T ≥ 26, both L_i = O(l_i) and L^′_i = O(l^′_i) are good sequences.

For T = 26 the associated simple iterated double covers have K^2 = 53792, I = −28928, c_2 = 70288, r = 82. It is not difficult to prove that every two distinct good sequences L_1, . . . , L_n, M_1, . . . , M_m give distinct connected components N(P^2, L_1, . . . , L_n) and N(P^2, M_1, . . . , M_m). To see this, it is enough to show that for the generic [S] ∈ N(P^2, L_1, . . . , L_n) we have Aut S = Z/2Z = {1, τ}. In fact S/τ must necessarily belongs to N(P^2, L_2, . . . , L_n), and then we use induction on n.

We don’t prove here the above statement about automorphisms. However, this is a straightforward generalization of the analogous result for simple iterated double covers of P^1 × P^1 proved in [Ma3], as well an immediate application of a general result about automorphisms of generic simple cyclic covers proved in [Ma5].

Example 6.2 Let X → P^2, Y → P^1 × P^1 be simple iterated double covers associated to L_1 = O(26), L_2 = O(12), L_3 = O(5) and L^′_1 = O(20, 40), L^′_2 = O(22, 2). A calculation shows that X and Y have the same invariants K^2, I, r, and it is not difficult to see that X, Y do not belong to the same connected component of the moduli space.

In fact the equation of a generic Y is { z^2 = f + wh with f ∈ H^0(O(40, 80)) and h ∈ H^0(O(18, 78)), w^2 = g with g ∈ H^0(O(44, 4)), where f, g, h are generic, and the arguments of [Ma3] show that the only automorphisms of Y are the identity and the “trivial” involution z → −z. Its quotient is the surface Y_1 = {w^2 = g}. Since the invariants of Y_1 are different from those of surfaces in N(P^2, L_2, L_3), the surface Y cannot belong to N(P^2, L_1, L_2, L_3).

Although explicitly finding simple iterated double covers of P^2 having the same invariants is not easy, it is not difficult to use these surfaces to obtain again a lower bound of the form δ ≥ (K^2)^{c log K2} for the number of connected components of moduli space, where c is a positive constant. In fact for sufficiently large n, if q_n is the number of sequences l_1, . . . , l_n such that ∑ l_i = T_n = 8 · 3^n + 3, l_n ≥ 5 odd, l_i even for i < n and l_i > 2l_{i+1} then log q_n ≥ an^2 for a positive constant a independent of n. For each of these q_n sequences, its quadratic sum ∑ l^2_i is smaller than T^2_n , and then there exists at least q_n/T^2_n good sequences giving simple iterated double covers with the same invariants K^2 = 2^nT^2_n and I = 2^n(1− ∑ l^2_i ). An easy computation along the lines of [Ma3, §5] gives the claimed lower bound for δ.

References

[Ba] L. Badescu: Normal projective degenerations of rational and ruled surfaces. Crelle Jour. 367 (1986) 76–89.

[B–S] C. Banica, O. Stanasila: Méthodes algébrique dans la théorie globale des espaces complexes. Gauthier–Villars (1977).

[B–P–V] W. Barth, C. Peters, A. van de Ven: Compact complex surfaces.

Springer Verlag Ergebnisse 4 (1984).

[Bri] E. Brieskorn: Rationale Singularitäten komplexer Flächen. Inv.

Math. 4 (1967/68) 336–358.

[B–W] D. Burns, J. Wahl: Local contribution to global deformations of surfaces. Invent. Math. 26 (1974) 67–88.

[Ca1] F. Catanese: On the moduli spaces of surfaces of general type. J.

Diff. Geometry 19 (1984) 483–515.

[Ca2] F. Catanese: Moduli of surfaces of general type. In: Algebraic geometry: open problems. Proc. Ravello 1982 Springer L.N.M. 997 (1983) 90–112.

[Ca3] F. Catanese: Automorphisms of rational double points and moduli spaces of surfaces of general type. Compositio Math. 61 (1987) 81– 102.

[Ca4] F. Catanese: Moduli of algebraic surfaces. Springer L.N.M 1337 (1988) 1–83.

[E–V] H. Esnault, E. Viehweg: Two dimensional quotient singularities deform to quotient singularities. Math. Annalen 271 (1985) 439– 449.

[F–M] B. Fantechi, M. Manetti: Obstruction calculus for functors of Artin rings, I University of Trento preprint (1996), to appear in J. of Algebra.

[F–P] B.Fantechi, R.Pardini: Automorphism and moduli spaces of varieties with ample canonical class via deformations of abelian covers. Comm. in Algebra 25 (1997) 1413–1441.

[Fi] G. Fischer: Complex Analytic Geometry. L.N.M. Springer-Verlag (1976).

[Fl] H. Flenner: Über Deformationen holomorpher Abbildungen. Habilitationsschrift, Osnabruck 1978.

[Gi] D. Gieseker: Global moduli for surfaces of general type. Invent.

Math. 43 (1977) 233–282.

[G–K] G. M. Greuel, U. Karras: Families of varieties with prescribed singularities. Comp. Math. 69 (1989) 83–110.

[Ha1] R. Hartshorne: Algebraic geometry. Springer Verlag GTM 52 (1977).

[Ha2] R. Hartshorne: Local Cohomology. Springer L.N.M. 41 (1967).

[Hor1] E. Horikawa: Algebraic surfaces of general type with small c^2_1. I, Ann. Math. 104 (1976) 357–387; II, Inv. Math. 37 (1976) 121–155; III, Inv. Math. 47 (1978) 209–248; IV, Inv. Math. 50 (1979), 103– 128.

[Hor2] E. Horikawa: Surjectivity of the period map of K3 surfaces of degree 2. Math. Ann. 228 (1977) 113–146.

[Kas] A. Kas: Ordinary double points and obstructed surfaces. Topology 16 (1977) 51–64.

[Ko] K. Kodaira: Complex manifold and deformation of complex structures. Springer Verlag (1986).

[L–W] E.J.N.Looijenga, J.Wahl: Quadratic functions and smoothing surface singularities. Topology 25 (1986) 261–291.

[Ma1] M. Manetti: Normal degenerations of the complex projective plane.

J. reine angew. Math. 419 (1991) 89–118.

[Ma2] M. Manetti: On Some Components of Moduli Space of Surfaces of General Type. Compositio Mathematica 92 (1994) 285–297.

[Ma3] M. Manetti: Iterated double covers and connected components of moduli spaces Topology 36 (1996) 745–764.

[Ma4] M. Manetti: Degenerations of algebraic surfaces and applications to moduli problems. Thesis, Scuola Normale Superiore, Pisa (1995).

[Ma5] M. Manetti: Automorphisms of generic cyclic covers. Revista Matemática de la Universidad Complutense de Madrid 10 (1997) 149–156.

[Pa] V. P. Palamodov: Deformations of complex spaces. Uspekhi Mat.

Nauk. 31:3 (1976) 129–194. Transl. Russian Math. Surveys 31:3 (1976) 129–197.

[Pi1] H. Pinkham: Singularités rationelles des surfaces (avec un appendice). Lectures Notes in Math. 777 Springer Verlag (1980) 147–178.

[Pi2] H. Pinkham: Some local obstructions to deforming global surfaces.

Nova acta Leopoldina NF 52 Nr. 240 (1981) 173–178.

[Reid] M. Reid: Young person’s guide to canonical singularities. Proc.

Symp. in Pure Math. 46 part 1 (1987) A.M.S. 345–414.

[Rie] O. Riemenschneider: Deformationen von Quotientensingularitäten (nach zyklischen Gruppen). Math. Ann. 209 (1974) 211–248.

[Sai] B. Saint-Donat: Projective models of K3 surfaces, Am. J. Math. 96 (1974) 602–639.

[Sal] M. Salvetti: On the number of non-equivalent differentiable structures on 4-manifolds. Man. Math. 63 (1989) 157–171.

[Sch] M. Schlessinger: Functors of Artin rings. Trans. Amer. Math. Soc.

130 (1968) 208–222.

[Ste] J. H. M. Steenbrink: Mixed hodge structure in the vanishing cohomology. in Real and complex singularities. P.Holm editor, Oslo 1976, 525–564.

Marco Manetti, Scuola Normale Superiore, P. Cavalieri 7, I-56126 Pisa, Italy e-mail: manetti@sabsns.sns.it